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Figure 3.

period than that of strips of a sulfur-cured gum natural
rubber. These data together with resilience and stress—
strain behavior indicate that the crystalline cross-links in
oriented ABA-g-A block—graft copolymers of pivalolactone
and isoprene are as effective as are the chemical cross-links.
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ABSTRACT: The development in part 1, based on graph theory, is extended to the derivation of distribution
functions for systems composed of different monomers bearing A-functional groups together with different
monomers bearing B-functional groups (systems of order II); the A group can react only with the B group
and vice versa. These distribution functions are identical with those established by Stockmayer, using generating

functions.

Some years ago, in order to examine cases more general
than those dealt with in previous studies,'® Stockmayer’®
proposed a generalized distribution function for a variety
of monomers bearing A-functional groups which can only
react with a variety of monomers bearing B-functional
groups (systems of order II°). The calculations involved
in establishing this distribution function are tedious,
particularly in the determination of Lagrangean multi-
pliers.

Later on, Gordon and co-workers!®!! showed that the
distribution function could be calculated by using the
theory of stochastic branching processes.!* But this
technique involves abstract mathematics and requires
deriving probability generating functions; the method is
quite general but rather difficult to use.

In the preceding paper,'® we showed how graph theory
allows one to obtain directly and readily the molecular
distribution functions in the most general system of order
1° i.e., consisting of various monomer units with different
functionalities, all sites being identical and equireactive.
The purpose of this paper is to establish general molecular
distribution functions in the case of order II systems by
the same methods.

System Model

Consider a general system of order II? initially composed
of M moles of monomers partitioned in A moles of A
monomers (i.e., monomers bearing only functional groups
A) and B moles of B monomers (i.e., monomers bearing
only functional groups B). This type partition of the or-
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iginal chemical system may be characterized by the vector
M:

M = [A,B] M=A+B (1)
Each of these classes of monomers may be composed of

different kinds of monomers characterized by type par-
titions given by the vectors A and B

TA=4 @

i=1

A = [AI,AA&%. . '!Ai7' . "An]

m
B = [Bl,Bg,. . .,Bj,. . .,Bm] ZIB] =B (3)
j=

where A; (B)) is the number of moles of monomers of type
A; (B)). Furthermore, let f5 (fg;) be the functionality of
monomers of type A;(B)). Note that different types of
monomers may have the same functionality, so that they
differ in their chemical structure.

The study of systems composed of mixed monomers, i.e.,
monomers endowed with both functional groups A and B,
will be dealt with in another paper.

Let pa, be the fraction of sites A belonging to monomers
A;, let pp, be the fraction of sites B belonging to monomers
B;, and let r be the stoichiometric ratio of the number of
sites A to the number of sites B.

oa, = Aifa/ gnlAifA‘ (4)

o, = Bfo,/ LBfn 5)

r=SAf/ LBy (6)
=1 j=1

The number average functionalities of A monomers and
B monomers are respectively g4 and &pg:

Laf, SAf [, .\
= i=1 _ =t - (ZpA.) &)

§I

4 A i= —
Sa, 1/a;
i=1
S Bfs S Bfa )
Zop = - on ) ®)
B™ 7 B T\ fofs
Z:IB] J 1fBJ
j=

In order to represent the chemical system, we will extend
the model of a molecular forest developed by Gordon for
the case of f-functional polycondensation'* and used al-
ready by us, in the study of order I systems.!?

The partition of monomers into two classes will be
translated on the graph by the coloration of vertices in
color “a” or “b” according to the class of the monomers
which they represent.

In the original chemical system, an A; monomer (i.e.,
monomer of type A;) of functionality f, will be depicted
by a molecular graph which is a tree with a point colored
in color “a” of degree f4, called an A node, and f,, points
colored in color “b” of degree 1, called B terminals. In the
case we a B; monomer, we shall have the complementary
situation, i.e., a “b” colored point of degree fBj (B node)
linked to fp, “a” colored points of degree 1 (A terminals).
In this paper, we will assume that the node may be a point
of any degree = 1.

Figure 1 shows the tree-like model of some A and B
monomers. In the original chemical system, the number
of A terminals is equal to the number of reactive chemical

Graph Theory and Molecular Distribution 1217

Ty

TA
° Ie) L} l.  J
N T \ /
Al B o)
NBS
a 3-functional B monomer

a l-functional A monomer

Figure 1. Schematic representation of some monomers.

Figure 2. Schematic representation of a 4-mer composed of a
1-functional A monomer, a 4-functional A monomer, and two
2-functional B monomers.

sites of type B, and the number of B terminals is equal to
the number of reactive chemical sites of type A.

During the evolution of the system by chemical reactions
between sites A and B, links establish themselves between
the A monomers and the B monomers.

Figure 2 shows an example of 4-mer composed of a 1-
functional A monomer, a 4-functional A monomer, and two
2-functional B monomers.

With the assumptions that all of the sites are equi-
reactive and intramolecular reactions do not occur on the
finite molecules, then all of the latter can be represented
by trees. Before the gel point, all of the molecules have
tree-like structures, but after the gel point, only the sol
fraction contains such molecules. In this study, we give
the distribution functions for finite molecules, i.e., mole-
cules having tree-like structures.

The degree of advancement (or conversion) may be
measured by the fraction p, of the A sites which have
reacted (i.e., the fraction of all A terminals that have been
eliminated by chemical link formation) or the fraction pg
of the B sites which have reacted (i.e., the fraction of all
B terminals that have been eliminated by chemical link
formation) with the relation between these two quantities

P = rpa (9)

Tree Enumeration

A. Generalities. In this part, we shall extend different
fundamental tree enumeration theorems given in our first
paper!s to colored trees and especially to colored, rooted,
ordered trees. Indeed, as Gordon said,'® the number of
distinct rooted, ordered trees, which can be obtained by
choosing various points as roots and by ordering the
branches in the half-plane in various ways, is found to be
a very convenient concept for the combinatorial problems
in chemistry.

By definition, we shall call a bicolored graph any graph
with points having been partitioned into two sets so that
adjacent points are always in different sets.

Consider now a bicolored tree having its points parti-
tioned into two sets A and B defined by vector s:

s = [s4,58] s =85+ sp (10)
where s4 is the number of A points, i.e., the points of color
“a”, and sg is the number of B points, i.e., points of color
6‘b”.

Moreover, each of two sets of points is also characterized
by type partitions given by the vectors s, and sg:

n
Sy, = [SAl’SAz" coSApe . .,SA"] Sp = 'leA,' (11)
i=
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m
Sg = [$B,SBy: « SBj- - SB,]  SB = ZSB,- (12)
where Sa; (s;) is the number of points of type A; (B;) and
fa; (fg) is the degree of the points of type A; (B, ) oints
of the same degree may be assigned to dlfferent types, but
the converse is not true.

We afix the same label to vertices of the same type, so
that two vertices of different types do not have the same
label.

Consider a given tree having the above characteristics;
we call G its automorphism group. In this paper, when
we say automorphism, it is the automorphism of the graph,
preserving the colors and the types of vertices. |G| rep-
resents the order of the automorphism group, i.e., the
number of distinct ways in which the tree can be super-
posed upon itself preserving the type labels.

Two nonisomorphic trees are called “isomers”, and I will
be the number of isomers for a given s. We shall refer, as
in our first paper,'® to the ith such isomer simply as the
ith s-mer.

B. Preliminary Remarks. Before giving the funda-
mental theorems, it is useful to know some relations which
link the numbers of vertices and the edges in such trees.

If a is the number of edges, we have:

a=s-1=s,+sg-1 (13)
and
n m
a= zlsAfM = _ZiSB,fB, (14)
i= j=
From relations 13 and 14, we obtain:
n
.Z:ISA,-(fA; -1)=sg-1 (15)
i=
ZSB,(fB -1 =s4-1 (16)

st
C. Fundamental Theorems. Theorem 1.1® The
number of distinct ordered, rooted trees 7%, which are

rooted on a vertex of type A, and are 1somorphlc with the
given tree is:

T4, = smmh U&—DW%HKfflm%'uﬂ

T, = @SAJA@ (18)
where # = 7AgB and P = ‘PA?B with

7= il Fa= i

pa= M 2= s

In the same way, the number of distinct ordered trees
TY ‘s, Which are rooted on a vertex of type B, is:

T4, = SB‘fBI?) (19)
Note also the relations:
TG, T, Téh,  Téh,
= =,..= = = (20)
SA,fA,, sA;,’fA;,’ SBfB, SB;’fB,’

The summation over the degrees of all the s, vertices gives
us the number of distinct ordered trees rooted on an A
vertex which are isomorphic with the given tree.

Macromolecules
. 12 F 1 7
TO = — —
T TR A
In the same way, for the ordered trees rooted on a B
vertex, we have:
1 F
T(lh = ZstBl? aa; (22)
We have obv10usly
T = Tih (23)

And the number of distinct ordered rooted trees which are
isomorphic with the given tree is:

76 = 76 4 TE, = —9q5=
s A s,h I ;ll2a - (24)

The total number of distinct rooted ordered trees of all
isomers of an s tree which are rooted on a vertex of type
A, is:

g1
Ton, = ZTQ = sA;fAkﬁ.leGil_l (25)
i=1 i=
In the same way:
I g1
Typ = ,_ZlTﬁa, = SBfB@,_Z‘ilGiI_I (26)

and for the total number of distinct rooted ordered trees
of all isomers of an s tree rooted on an A vertex

I g 1
Toa= LT = a  LIG™ (27)
i=1 Pi=1
and rooted on a B vertex
I
Tg= XTih = Toa (28)
i=1

because of relation 23, and rooted on any vertex of any type
g 1

Ts = Ts,A + Ts,B = 20% §|Gi|_1 (29)
=

By eliminating ¥";.,/|G,|™ between the above expressions,
we obtain the relations:

SA,fA SA,fA

Ts,A‘, = Ts,A a : = Ts % - (30)
SBfB SB,fB

Ts,B, = Ts,BTl = Ts2_l (31)

To determine T, 5, T, and T, one must know 3" ;-//|G{™.
As in our precedlng study on “the order I systems,!® we
calculate 3";-,/|G;|"* directly and with the use of the graph
theory alone.

Theorem 2, The number of labeled trees having n
vertices partitioned in two sets A, B having respectively
p and g vertices and in which the A point of label & has
degree d, and the B point of label k& has degree §, is:

-Dig-1!
. p-Dig-1) (32)

D q
[I(d, ~ 1115, - 1)!
k=1 k=1

The demonstration of this theorem is given in the Ap-
pendix.

In the particular case we are interested in, the number
of trees characterized by the vector s is:

— 1)l(sp - D!
= (54— Dlisg - 1) (39)

T1¢s, - vefl s, ~ Do
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= (SA - 1)'(83 - ].)‘2 (34)

Theorem 3 The number of graphs isomorphic to a
given graph 7% is defined by the relation:

§
7= = (35)
Gl
where & = §,8g with
SA = I_E‘[SAiz
Q?B = ﬁSB,'!
Jj=1

The demonstration of this theorem is given in the Ap-
pendix.
For all of the isomers of the s graph, we have:

I

o= 21 (36)
=1
I

7o = 2 |Gy (37)
i=1

By comparison with theorem 2, we obtain:
! P
EIIGI:I‘I = (s4 ~ Dl(sp - 1)!% (38)

Theorem 4, Knowing 3";-,/|G|™, we can determine the
number of distinct ordered rooted trees T 4, T, p, and T

(SA - I)V(SB - 1)’

Ts,A = Ts,B =a 8 (39)
Ts = Ts,A + TS,B (40)
or
(sp — Dl(sg -1)!
T, =928 = (41)

§

From relations 41, 30, and 31, we can obtain directly the
number of ordered trees rooted on any vertex and, in
particular, the number of planted trees, which leads to the
result obtained by Tutte,!” using Lagrange’s expansion.

Molecular Distribution

1. Determination of the Number of Node Rooted
Ordered Trees. As in the case of order I systems,!® the
only trees having a chemical reality are the trees which are
rooted on the nodes.

Consider an x-mer composed of x, A monomers and xg
B monomers, characterized by type partitions given by the
vectors X, X,, and Xg:

X = [x4,%8] x=x4txp (42)

n
XA = [XapXape o oXape - X4, ] Xp = .leAx (43)
=

m
Xg = [xBl,sz,. . .,xBj,. . .,me] X = ZxBi (44)
where x5, (xg) is the number of monomers of type A; (B))
having the functlonahty fa; (fB).

Assuming that different types of monomers have the
same functionality, then they differ only by their chemical
structure.

Associate to this x-mer an s-mer by the graphical pro-
cedure defined in the System Model section.

This s-mer tree has s vertices partitioned in the follow-
ing: x node vertices characterized by the vectors x, x,, and
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xp; and st terminal vertices characterized by the vector
ST:
st = [StasSTB] ST = STA t+ STB (45)

with

m
STA = leBij -x+1= xpe,g— X + 1 (46)
j=

n
STB = leAjAl,—x+1 = xppa-x+ 1 47)
i=

where .5 and @,g are respectively the number average
functionalities of A monomers and B monomers consti-
tuting the x-mer

Ben = ngfAi/xA (48)
& = ng,fB,'/xB (49)

The conditions to have a tree are sy, = 0 and spg = 0.
Thus, for a given xg, x5, must satisfy the relations:

xaA@a-1) 2xg-1 (50)
and
xa<xg(ep-1 +1 (51)
The total number of vertices s of the s-mer is:
s=x+ s (52)
and the total number of edges a is:
a=x-1+sy (53)
or

a =254 tapeg -2+ 1=x(@, -1)+1 (54)
where g, is the average functionality of all the monomers
constituting the x-mer:

Xa@.A T XB2y
2, = APxA B¥xB (55)
x
The numbers of ordered trees rooted on any A node (T, »),
any B node (7, ), or any A or B node (7,) are deduced
from the number of ordered rooted trees Ta Tsp,or T,
defined by the vector s by using relations 30 and 31.

XADxA XAPrA
x,A = TsA = Ts 2 (56)
XB@:B XB®:B
Tx,B = Ts,B a - Ts % (57)
(xA‘_pr + xB‘_PxB) Xy
=T = T, (58)

Theorem 4 gives
a(sy — Di(sg - 1!
§

Tia=Tp= (59)

and
_ 2a(sp - Dl(sg - 1)!
s $

(60)

where here
a=x(g,-1)+1
Sa = xp&g —ap t+ 1
SB = XpPa— %4t 1
§ = HSp
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and
H = 7{A7{B
ST = STA!STB!
with
n
%A = HxA'
i=1
m
Hp = ,HxB’
Jj=1

The numbers of node ordered trees rooted on any A node,
any B node, or any A or B node are:

xA(_pr(SA - 1)‘(8}3 -1

Tx,A = ég (61)
xp@.p(sa — Dl(sg — 1!
5 = B¥xBSA & SB 62)
x@.(s4 — Dl(sg — 1)
x = § (63)

In another way, expressions 61 to 63 may be written:

T,, = Xa2:a(Xa2:a — x4)!(xp2,B — 2B)! (64)

m
xAl.!jIJle}.!(xA@xA -x+ 1)!(xB¢xB -x + 1)!

Cpam

i

xp2ya(*a®.a — xa)(xp2,p — xB)!
Tx,B= B¥xB\WLA¥A A B¥xB B (65)

mn m
,I_leA.‘!qu]‘!(xA@xA -x+ I)I(xB‘_pr -x+ 1)!
i= i

12, (xa2ea — x)!(xp2B — %B)!
T, = P\ XACA A \XBYB B (66)

n m
IleA;!I—[lej!(xAﬁ_axA -z + Dixgeg - x + 1!
=1 A

Note the relations:
Tx,A Tx,B Tx

—— = - (67)
XAY:A  XB¥B  X¥x

Equation 66 gives directly the number of all of the
distinct molecules which may be built from x monomers.

2, Determination of the Probabilities P,,, P,p, and
P, of Finding Respectively an A Site, a B Site, and
an A or B Site of x-Mer. By the same procedure as that
described in our first paper,'® we will determine the
probability that an A site selected at random will be at-
tached to an x-meric specific configuration (i.e., a node
rooted ordered tree). This probability is the same for each
x-meric specific configuration, whatever the kind of se-
lected A site (i.e., type of monomer). This probability is
given by:

YA =
n m
HpAi"A‘Hij"BipA"BpB‘B'l(l — paYsaPa (1 — pp)¥ete Tl
=1 Jj=1
(68)

We remark that in an ordered tree rooted on an A node,
the number of reacted A sites is equal to the number of
B nodes and the number of reacted B sites is equal to the
number of A nodes less one. In the same way, we have for
a B site:

YxB =
prA‘,xA‘ﬁijxijAxB_lprA(l — pA)anxA—x+1(1 — pB)xBaxB—x+1
i=1 j=1 (69)
Note the relation:

Macromolecules

‘Yx,B = r'Yx,A (70)

As T, , and T, p are respectively the number of ordered
trees rooted on a node of type A and B, the probabilities
P, 5 and P, 3 of finding respectively an A site and a B site
in an x-mer are

Px,A = 'Yx,ATx,A (71)
Px,B = 7x,BTx,B (72)

Then the probability of finding an A or B site in an x-mer
may be written:

Px = #7:,ATJ:,A + ;i_17x,BTx,B (73)
Using relation 70, we obtain:
r'Yx,A
Px = r—;i_(Tx,A + Tx,B) = ‘YxTx (74)

since T, = T, 4 + T, with
r —
r+ 17T+

As in the preceding paper, we can easily calculate the
fractions of all the reacted sites and all the unreacted sites
A or B belonging to the x-mer.

3. Weight Distribution Functions w, 5, w, 5, w,.
When it is assumed that each monomer has the same
weight, the weight distribution functions w, s, w, 5, and w,
are respectively the fraction of initial A monomers, initial
B monomers, and initial A or B monomers which belong
to the x-mer.

If N, is the number of initial monomers partitioned in
N4 A monomers and Nz B monomers, the number of A
sites (S, 4), B sites (S, p), and A or B sites (S,) which belong
to the x-mer is:

Y = Yx,B (75)

Sea = WeaANAZ:A (76)
S:p = W, pNp&:B (77
Sy = w.No2: (78)
with the relations
No= N4+ Ng (79)
where
N, = AN
Ng = BN

N being the Avogadro number.

wx,ANAﬁ_pr + wx,BNBﬁ_axB
o = (80)
waO

The probabilities of finding an A site, a B site, and an
A or B site of an x-mer are respectively the fraction of total
A sites, total B sites, and total A and B sites belonging to
an x-mer. The number of sites S, 4, S, p, and S, may also

be written:

S.a = P aNawoa (81)
S.p = P,gNg&s (82)
Sx = PxN0¢0 (83)

where @y, @, and g are respectively the number average
functionalities of the A monomers, B monomers, and A and
B monomers.

By comparison of relations 71, 72, and 75 with 81-83,
we obtain the weight distribution functions w, , w, s, and
w,:
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oA oA

Wya = __Px,A = _——'Yx,ATx,A (84)
PrA PxA
%o B
wx,B = __PxB = _—’Yx,BTx,B (85)
(232} Y«B
@ @
w, = __Px = :—7xTx (86)
©x Dx

From expressions 84-86, by using relations 67 and 75, we
obtain the relations:

w Wea WyB
;Tﬁ:o T “r‘ 1xa%oa Ty *1' 1 xp&B (&7)
The weight distribution functions may be written:
e = B (88)
WA = XaA®oAWx A (89)
Wyp = XpPopy,B (90)
with
@B = I@zA 91)
and
YeaTxa
“r = XaP:A ©2)
where
@y A T
(xA:a — xa)!(xp&,p — %p)! ﬁpAf’“ %

=1

n

ExAi!jngj!(xA¢va -x + Di(xpz, g — x + 1)!
m
IIIPBijijprBxA_l(]- = PAY*AZAT(L ~ pp)Fate ]
i

4. Number Distribution Function n,. If N, denotes
the total number of x-mers, the number of sites S, may
be written in another way:

S; = N2, (93)
By comparison of relations 93 and 83, we obtain:
@ reg
Nx = xq_axPxNo = "+ lwx'ANO (94)

We find, here again, the classical expression of Stock-
mayer.” If N is the number of molecules at p, conversion,
by definition, the number distribution function n, may be
written:

n,=N,/N (95)
As the number average degree of polymerization, _1513,,, is
Ny 1
DP, = N T (96)
o+ 1%
we obtain
reow, A
L g rpay ©7
Conclusion

As in the case of order I system copolycondensates,
graph theory leads directly and readily to the very general
form of the molecular distribution functions of order II
system copolycondensates.
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Appendix

By Michel Riviere, Department of Mathematics, Faculté
des Sciences, 72017 Le Mans, France.

Theorem 2. The number of labeled trees with n ver-
tices, partitioned in two sets A and B with respectively p
and g elements and in which the ith vertex of A has degree
d; and the jth vertex of B has degree 6;, for which the (4,B)
partition realized a bicoloration, is:

(p - Dig - D!
W0) = 5 Z (32)
11(d; - DI - 1)
i=1 j=1

Proof. Let T(A,B;d;,. . .,dy;01,. . -,8,) be the set of these

frees with:

T(n;dl,. B .,dp;(sl,. .

A=lay . .a) B =lb..b)

if T = (X,E) is one of these trees, we have:

X=AUB |X|=n=p+q |El=p+qg-1

p q
Zd¢=26j=p+q—1
i=1 j=1

p p

g(di_l) =(§di)—P=q—1

q q
2(5}'—1) =(ré)-g=p-1
j=1 j=1
Identity 32 is evident forn =2 (p=q =1,d; = é; = 1).
Suppose that it is true up to n — 1 for any distribution of
the degrees. We take T’ € T(A,Bd;. . .dp;6;. . .0,). We can
observe that

m(nidy. . odpib,. . W0g) = T(nsdy,. . LOgidy,. .« dp)

and that one of the numbers d; or 6, is equal to 1. So that
we can suppose that d; = 1. Then we remove from T the
vertex a;. We obtain a new tree with vertices a,, . . .,a,,b;,
.. by and degrees d, . . .,d,, 81/, . . ., 8, such that each 6/
is equal to ¢, except for one equal to J; — 1. Conversely,
if at any tree of vertices as, . . ., ayb;, . . .,b, of degrees
dy, .. dp; 617, ..., 8;” such that each 8" is equal to
except 8, = 8, — 1 we add the vertex a; together with an
edge [a,,b,], we obtain exactly once only every tree be-
longing to T(A,B;d,,. . .,dp;01,. . ,0g).

We obtain the recursive relation:

r(nydy,. . dpiby,. . 0) =

q
k;]'r(n_]-;db- - -sdp;(sb' . '>5k—b5k_136k+1v- . -;6q)

Then we have:
r(nydy,. . . dp301,e . 0,) =
q {(p-2)g -1
Z =

k=1
5,,>1[i=Hl(d,- - DG - DL (G =D (6, - D!

- lg - !
p-2)g-1) ‘Z(Gk—l)

p 2 k=1
1T(d; - )L - 1)
i=1 j=1

(p - Dlg -1)!

p q
[I(d, - D11 - 1!
i=1 j=1

T(nsdy. o odpibiye o 0g) =

Theorem 3. Let a given graph be characterized by the
type partitions defined by the vectors s, s,, and sg. The
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number 7% of graphs isomorphic to that given graph is
defined by the relation:

HSA'HSBJ

(t) - (35)
1Gil

Proof. Let G; = (Y,F) be a tree representative of an
isomer, whose vertex set Y is partitioned in colors and
types by Y, (1 <i<n)and Yg, (1 <j < m) with |Y,| =
sa and |Yg| = sp

On the other hand let X be a set of labels, itself par-
titioned in colors and types by X4, (1 i =<n)and Xp (1
< Jj = m), with |X,| = s and | Xp| = sg. We want to count
the labeled trees on X 1somorpiuc to G,

All these graphs can be obtained from the bijections ¢ X
— Y such that [Vx € Xa, (XB)a(x) E Y, (YB)] by putting
in G; the vertex x in the p]ace of o(x). We note G; (o), the
tree associated to o in that way. The set S of these bi-
jections has cardinality:

n m
= HSA’,! HSB !
=1 =1

However, two of these bijections can define the same tree.
We must study the equivalence relation R in S defined
by o¢R¢’ if and only if G;(0) = G;(¢’). We prove the next
property of relation R, sR¢’, if and only if ¢ = ¢’-¢7! is an
automorphism of G;. First we suppost that cRo¢’ is true.
Clearly the function ¢ = ¢’-67! is a bijection from G; to G,
and we know that G;(¢) = G,(¢’) and ¢’ = 0. Then, from
the property for every x,x” belonging to X, [o(x),s(x")] €
F if and only if [¢/(x),6’(x")] € F; it follows that for every
¥,y’ belonging to Y, [y,»’] € Fif and only if [e(y),¢(y")]
€ F. This means that ¢ preserves adjacency.

Macromolecules

Finally ¢ preserves colors because if y & Y, then ¢71(y)
€ X4 and ¢(y) € Yy and if y € Y, then o™'(y) € Xp,
and ¢ly) € Yp. So that ¢ is indeed an automorphism of
G..

Conversely, it is obvious that for any automorphism ¢
of G; and any ¢ € S, ¢/ = ¢~ is an element of S which
verifies sRs’. To obtain 7%, we must then divide the
number of bijections belonging to S by the number of
elements of each equivalence class, namely the cardinality
of the automorphism group of G,.

W) = 8/1G
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Surface Modification of Fluorocarbon Polymers by
Radiation-Induced Grafting for Adhesive Bonding
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ABSTRACT: The mutual irradiation of polymers in methyl acrylate (MA) vapor followed by hydrolysis
treatment is a surface grafting technique which had been developed originally for surface modification of
polyethylene (PE). The technique now has been successfully applied to surface modification of two radia-
tion-degradative fluorocarbon polymers, poly(tetrafluoroethylene) (PTFE) and poly(chlorotrifluoroethylene)
(PCTFE). The adhesive bond strengths reach a maximum value when the grafted surface is covered with
an outer homopolymer layer consisting only of the monomer component. Although this relationship between
bond strength and homopolymer surface coincides with that suggested in PE grafts, it is shown more clearly
by ESCA analysis of the modified fluoropolymer surfaces. The thickness of the homopolymer layer passes
through a maximum and then decreases with irradiation time or dose. This decrease may reflect the radiation
degradation of fluoropolymer chains. The peel strengths of grafted PTFE sheets are much higher than those
of sodium (Na)-etched PTFE sheets. This difference in bond improvement is discussed in terms of mechanical

strength of the modified surface layers.

In order to obtain strong adhesive joints of inert fluo-
rocarbon polymers, the surfaces must be modified before
bonding. The most extensively investigated pretreatments
involve Na-etched treatments, using Na—ammonia!™ and
Na-naphthalene-tetrahydrofuran*”’ complex solutions,
and CASING?®® or glow discharge treatments.’**® Though
work has been done on the adhesive properties of radia-
tion-grafted PTFE,41% no detailed studies have been

0024-9297/79/2212-1222801.00/0

published on the relationship between the bond strength
and the surface structure. Mutual irradiation of PE in MA
vapor and subsequent hydrolysis treatment have been
found to vield a surface graft having high adhesive bond-
ability to epoxy adhesives.’®!7 Since the radiation grafting
of radiation-degradative fluorocarbon polymers such as
PTFE and PCTFE requires a low radiation dose to prevent
the degradation, it is interesting that this surface grafting
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