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ABSTRACT The development in part 1, based on graph theory, is extended to the derivation of distribution 
functions for systems composed of different monomers bearing A-functional groups together with different 
monomers bearing B-functional groups (systems of order 11); the A group can react only with the B group 
and vice versa. These distribution functions are identical with those established by Stockmayer, using generating 
functions. 

Some years ago, in order to examine cases more general 
than those dealt with in previous studies,I+ Stockmayer'~~ 
proposed a generalized distribution function for a variety 
of monomers bearing A-functional groups which can only 
react with a variety of monomers bearing B-functional 
groups (systems of order I19). The calculations involved 
in establishing this distribution function are tedious, 
particularly in the determination of Lagrangean multi- 
pliers. 

Later on, Gordon and co-workerslOJ1 showed that the 
distribution function could be calculated by using the 
theory of stochastic branching processes.12 But this 
technique involves abstract mathematics and requires 
deriving probability generating functions; the method is 
quite general but rather difficult to use. 

In the preceding paper,13 we showed how graph theory 
allows one to obtain directly and readily the molecular 
distribution functions in the most general system of order 
1: i.e., consisting of various monomer units with different 
functionalities, all sites being identical and equireactive. 
The purpose of this paper is to establish general molecular 
distribution functions in the case of order I1 systems by 
the same methods. 

System Model 
Consider a general system of order 119 initially composed 

of M moles of monomers partitioned in A moles of A 
monomers (i.e,, monomers bearing only functional groups 
A) and B moles of B monomers (i.e., monomers bearing 
only functional groups B). This type partition of the or- 
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iginal chemical sy5,tem may be characterized by the vector 
M: 

M = [A$] M = A + B (1) 

Each of these classes of monomers may be composed of 
different kinds of monomers characterized by type par- 
titions given by the vectors A and B 

n 
E A ,  = A 
r=l 

m 

c B J  = B 

A = [AI&. . .,A,,. . .,An] (2) 

B = [Bi,BZ,. . .,BJ,. . .,I?,,,] (3) 
J=1 

where A, (B,) is the number of moles of monomers of type 
A, (B,). Furthermore, let fA (fB]) be the functionality of 
monomers of type Ar(BJ). hote  that different types of 
monomers may have the same functionality, so that they 
differ in their chemical structure. 

The study of systems composed of mixed monomers, i.e., 
monomers endowed with both functional groups A and B ,  
will be dealt with in another paper. 

Let p 4  be the fraction of sites A belonging to monomers 
A,, let p ~ ,  be the fraction of sites B belonging to monomers 
B,, and let r be the stoichiometric ratio of the number of 
sites A to the number of sites B. 

Graph Theory and Molecular Distribution 1217 

TA ‘A TA 

n 
PA, = A i f A , /  x A i f A ,  (4) 

i = l  

rn 

n rn 

The number average functionalities of A monomers and 
B monomers are respectively p o ~  and @OB: 

n 

In order to represent the chemical system, we will extend 
the model of a molecular forest developed by Gordon for 
the case of f-functional polyc~ndensation’~ and used al- 
ready by us, in the study of order I systems.13 

The partition of monomers into two classes will be 
translated on the graph by the coloration of vertices in 
color “a” or “b” according to the class of the monomers 
which they represent. 

In the original chemical system, an Ai monomer (i.e., 
monomer of type A,) of functionality fA will be depicted 
by a molecular graph which is a tree with a point colored 
in color “a” of degree fA,, called an A node, and fA, points 
colored in color “b” of degree 1, called B terminals. In the 
case we a Bj monomer, we shall have the complementary 
situation, i.e., a “t)” colored point of degree fB, (B node) 
linked to fB, “a” colored points of degree 1 (A terminals). 
In this paper, we will assume that the node may be a point 
of any degree L 1. 

Figure 1 shows the tree-like model of some A and B 
monomers.’ In the original chemical system, the number 
of A terminals is equal to the number of reactive chemical 

0-0 

‘AI TB 

NB3 

a I-functional A monomer a 3-functional B monomer 

Figure 1. Schematic representation of some monomers. 

0-0-0-0-0 

B2 (‘A4 ’B2 ‘A1 TA s 

0 
J 3  

Figure 2. Schematic representation of a 4-mer composed of a 
1-functional A monomer, a 4-functional A monomer, and two 
2-functional B monomers. 

sites of type B, and the number of B terminals is equal to 
the number of reactive chemical sites of type A. 

During the evolution of the system by chemical reactions 
between sites A and B, links establish themselves between 
the A monomers and the B monomers. 

Figure 2 shows an example of 4-mer composed of a 1- 
functional A monomer, a 4-functional A monomer, and two 
2-functional B monomers. 

With the assumptions that all of the sites are equi- 
reactive and intramolecular reactions do not occur on the 
finite molecules, then all of the latter can be represented 
by trees. Before the gel point, all of the molecules have 
tree-like structures, but after the gel point, only the sol 
fraction contains such molecules. In this study, we give 
the distribution functions for finite molecules, Le., mole- 
cules having tree-like structures. 

The degree of advancement (or conversion) may be 
measured by the fraction pA of the A sites which have 
reacted (Le., the fraction of all A terminals that have been 
eliminated by chemical link formation) or the fraction p~ 
of the B sites which have reacted (i.e., the fraction of all 
B terminals that  have been eliminated by chemical link 
formation) with the relation between these two quantities 

P B  = r P A  (9) 

Tree Enumeration 
A. Generalities. In this part, we shall extend different 

fundamental tree enumeration theorems given in our first 
paper13 to colored trees and especially to colored, rooted, 
ordered trees. Indeed, as Gordon said,I8 the number of 
distinct rooted, ordered trees, which can be obtained by 
choosing various points as roots and by ordering the 
branches in the half-plane in various ways, is found to be 
a very convenient concept for the combinatorial problems 
in chemistry. 

By definition, we shall call a bicolored graph any graph 
with points having been partitioned into two sets so that 
adjacent points are always in different sets. 

Consider now a bicolored tree having its points parti- 
tioned into two sets A and B defined by vector s: 

where sA is the number of A points, i.e., the points of color 
“a”, and sB is the number of B points, Le., points of color 
“b”. 

Moreover, each of two sets of points is also characterized 
by type partitions given by the vectors SA and sB: 

s = [ sA , sB]  s = SA + S B  (10) 
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m 
SB = [sB1,sBp* *tSBj,* * .tsB,,,] SB = CsBj (12) 

;=1 

where SA, (sB,) is the number of points of type Ai (B.) and 
f~~ ( f~ , )  is the degree of the points of type Ai (Bj). I(oints 
of the same degree may be assigned to different types, but 
the converse is not true. 

We afix the same label to vertices of the same type, so 
that two vertices of different types do not have the same 
label. 

Consider a given tree having the above characteristics; 
we call G its automorphism group. In this paper, when 
we say automorphism, it is the automorphism of the graph, 
preserving the colors and the types of vertices. IGI rep- 
resents the order of the automorphism group, i.e., the 
number of distinct ways in which the tree can be super- 
posed upon itself preserving the type labels. 

Two nonisomorphic trees are called "isomers", and I will 
be the number of isomers for a given s. We shall refer, as 
in our first paper,13 to the ith such isomer simply as the 
ith s-mer. 

B. Preliminary Remarks. Before giving the funda- 
mental theorems, it is useful to know some relations which 
link the numbers of vertices and the edges in such trees. 

If a is the number of edges, we have: 
a = s - 1 = SA + SB - 1 (13) 

and 
n m 

(14) 

From relations 13 and 14, we obtain: 
n 

1 = 1  

m 

CSA,(~A, - 1) = SB - 1 (15) 

CsB,(fB, - 1) = SA - 1 (16) 

C. Fundamental Theorems. Theorem 1.16 The 
number of distinct ordered, rooted trees T',tak which are 
rooted on a vertex of type Ak and are isomorphic with the 
given tree is: 

;=1 

In the same way, the number of distinct ordered trees 
T',fk which are rooted on a vertex of type B1 is: 

Note also the relations: 

The summation over the degrees of all the sA vertices gives 
us the number of distinct ordered trees rooted on an A 
vertex which are isomorphic with the given tree. 

In the same way, for the ordered trees rooted on a B 
vertex, we have: 

And the number of distinct ordered rooted trees which are 
isomorphic with the given tree is: 

The total number of distinct rooted ordered trees of all 
isomers of an s tree which are rooted on a vertex of type 
Ak is: 

In the same way: 

and for the total number of distinct rooted ordered trees 
of all isomers of an s tree rooted on an A vertex 

and rooted on a B vertex 
I 

i = l  
T s , ~  = CTS.fL = T s , ~  (28) 

because of relation 23, and rooted on any vertex of any type 

(29) T, = Ts,A + Ts,B = 2a-CIGil-l 

By eliminating Ei={lGil-l between the above expressions, 
we obtain the relations: 

3 '  
Pi=1 

To determine TsA,Tsa, and T, one must know Ci=1'IGil-'. 
As in our preceding study on the order I systems,13 we 
calculate Ei={lGi1-l directly and with the use of the graph 
theory alone. 

Theorem 2. The number of labeled trees having n 
vertices partitioned in two sets A, B having respectively 
p and q vertices and in which the A point of label It  has 
degree dk and the B point of label k has degree 6 k  is: 

T =  P (32) 

The demonstration of this theorem is given in the Ap- 
pen d i x . 

In the particular case we are interested in, the number 
of trees characterized by the vector s is: 

( p  - l)!(q - l)! 

fi (dk - I)! n ( 6 k  - I)! 
k = l  k = l  
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xB; and ST terminal vertices characterized by the vector 

ST = [STA,STBI ST = STA + S T B  (45) 
ST: 

with 

(34) 

Theorem 3. The number of graphs isomorphic to a 
given graph r!) is defined by the relation: 

(35) 

where S = S A S B  with 

rn 
$B = ,%Bj! 

The demonstration of this theorem is given in the Ap- 
pendix. 

For all of the isomers of the s graph, we have: 

By comparison with theorem 2, we obtain: 

(36) 

(37) 

Theorem 4. Knowing xi=lllGil-l, we can determine the 
number of distinct ordered rooted trees Ts,A, Ts,+ and T,: 

or 

From relations 41, 30, and 31, we can obtain directly the 
number of ordered trees rooted on any vertex and, in 
particular, the number of planted trees, which leads to the 
result obtained by Tutte,I7 using Lagrange’s expansion. 

Molecular Distribution 
1. Determination of the Number of Node Rooted 

Ordered Trees. As in the case of order I systems,13 the 
only trees having a chemical reality are the trees which are 
rooted on the nodes. 

Consider an x-mer composed of XA A monomers and xB 
B monomers, characterized by type partitions given by the 
vectors X, xA, and xB: 

x = [ x A , x B ]  x = x A  + x B  (42) 
n 

XA = [xA1,xAp* * *,xA,t. * . ,xA,l XA = C X A ,  (43) 
1=1 

rn 
XB = [XB1,xBp* *,xB,,. *,xB,l XB = C X B ,  (44) 

J=1 

where xA, (xB,) is the number of monomers of type A, (B,) 
having the functionality fA, (fB,). 

Assuming that different types of monomers have the 
same functionality, then they differ only by their chemical 
structure. 

Associate to this x-mer an s-mer by the graphical pro- 
cedure defined in the System Model section. 

This s-mer tree has s vertices partitioned in the follow- 
ing: x node vertices characterized by the vectors x, xA, and 

m ,,. 
sTA = C X B ~ B ,  - x + 1 = XB@,B - x + 1 (46) 

J=1 

n 
sTB = C x A f A ,  - x + 1 = x A P ~ A  - x + 1 (47) 

1=1 

where pxA and pxB are respectively the number average 
functionalities of A monomers and B monomers consti- 
tuting the x-mer 

n 

r = l  

rn 

P,A = CXA~A,/XA (48) 

P ~ B  = CXB~B, /XB (49) 
J = 1  

The conditions to have a tree are STA L 0 and sTB L 0. 

(50) 

(51) 

s = x + s T  (52) 

a = - 1 + ST (53) 

(54) 

Thus, for a given xB, XA must satisfy the relations: 
x A ( ~ , A  - 1) I XB - 1 

and 
XA I x B ( p X B  - 1) + 1 

The total number of vertices s of the s-mer is: 

and the total number of edges a is: 

or 
u = x A p X A  + x B ~ , B  - X+ 1 = X(P, - 1) + 1 

where px is the average functionality of all the monomers 
constituting the x-mer: 

XA%A + XB&B 

X 
P x  = (55) 

The numbers of ordered trees rooted on any A node (T,.), 
any B node (T,,B), or any A or B node (T,) are deduced 
from the number of ordered rooted trees T,,A, Ts,B, or T, 
defined by the vector s by using relations 30 and 31. 

(57) 

Theorem 4 gives 

and 



1220 Durand, Bruneau Macromolecules 

Yx,B = ?,,A (70) 
As Tx,A and Tx,B are respectively the number of ordered 
trees rooted on a node of type A and B, the probabilities 
P,,A and P,,B of finding respectively an A site and a B site 
in an x-mer are 

Px,A = YxATx,A (71) 

P,,B = Y~,BTX,B (72) 
Then the probability of finding an A or B site in an x-mer 
may be written: 

with 

The numbers of node ordered trees rooted on any A node, 
any B node, or any A or B node are: 

Note the relations: 

X A @ ~ A  XB%B x q X  
Equation 66 gives directly the number of all of the 

distinct molecules which may be built from x monomers. 
2. Determination of the Probabilities PxA, PxB, and 

P, of Finding Respectively an A Site, a B Site, and 
an A or B Site of x-Mer. By the same procedure as that 
described in our first paper,13 we will determine the 
probability that an A site selected at  random will be at- 
tached to an x-meric specific configuration (i.e., a node 
rooted ordered tree). This probability is the same for each 
x-meric specific configuration, whatever the kind of se- 
lected A site (i.e., type of monomer). This probability is 
given by: 
Y x , A  = 

(68) 
We remark that in an ordered tree rooted on an A node, 
the number of reacted A sites is equal to the number of 
B nodes and the number of reacted B sites is equal to the 
number of A nodes less one. In the same way, we have for 
a B site: 
Yx,B = 

rn 
i T p A X A i n p B ~ p A x B - l p B x A ( l  - pA)XA'ZA-X+l( l  - pB)XBqZB-X+l 
i = l  ]=I 

(69) 
Note the relation: 

Using relation 70, we obtain: 

since T ,  = T,,A + Tx,B with 

(73) 

As in the preceding paper, we can easily calculate the 
fractions of all the reacted sites and all the unreacted sites 
A or B belonging to the x-mer. 

3. Weight Distribution Functions W,,+, w,,B, w,. 
When it is assumed that each monomer has the same 
weight, the weight distribution functions wxA, wx3, and w, 
are respectively the fraction of initial A monomers, initial 
B monomers, and initial A or B monomers which belong 
to the x-mer. 

If No is the number of initial monomers partitioned in 
NA A monomers and NB B monomers, the number of A 
sites (SXA), B sites (Sxs), and A or B sites (S,) which belong 
to the x-mer is: 

S,,A = W,>ANAP~A (76) 

sx = &No@, (78) 

(79) 

S,,B = W,,BNBPXB (77) 

with the relations 
No = NA + NB 

where 
NA = AN 
NB = BN 

N being the Avogadro number. 

@, = (80) 

The probabilities of finding an A site, a B site, and an 
A or B site of an x-mer are respectively the fraction of total 
A sites, total B sites, and total A and B sites belonging to 
an x-mer. The number of sites S,,, Sx,B, and S, may also 
be written: 

S,,A = P x , ~ N ~ % ~  (81) 

S,,B = P,,BNB%B (82) 

S, = P,NVPO (83) 
where %A, %B, and % are respectively the number average 
functionalities of the A monomers, B monomers, and A and 
B monomers. 

By comparison of relations 71, 72, and 75 with 81-83, 
we obtain the weight distribution functions w , ~ ,  w,,B, and 
W,: 

W,,ANAP~A + W,,BNBPXB 
WXNO 
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Appendix 
By Michel Riviere, Department of Mathematics, Facult4 

des Sciences, 72017 Le Mans, France. 

Theorem 2. The number of labeled trees with n ver- 
tices, partitioned in two sets A and B with respectively p 
and q elements and in which the ith vertex of A has degree 
di and the j th  vertex of B has degree S,, for which the ( A J )  
partition realized a bicoloration, is: 

From expressions 84-86, by using relations 67 and 75, we 
obtain the relations: 

(87) 
1 w x 3  W, 

xp,, r + 1 . ~ ~ ~ 0 7 0 ~  r + ~ X B ~ O B  
- r WX,A 

The weight distribution functions may be written: 

- - - -- - -- 

XrPO - 
r + I ~ ~ , ~  w x  = - 

W x b  = X A P O A G , A  

W,,B = XB@OB%B 

with 
Wx,B = rQx,A 

and 
- ,AT,,A 
%,A = - 

XA%A 

where 

(91) 

a x , A  = 
(XAP,A - ~A)!(XBP,B - XB)! 

fipA:A' x 
f i x A , ! f i X B J ! ( + A P x , A  - x + 1)!(xBqXx,B - x + I)!~=' 
r=l j=1 

m 
n p B ~ ~ ~ p A x B p B x A - ' ( l  - p A ) X ~ @ z ~ - ~ + l ( I  - ~ B ) x B * ~ B - ~ + ~  
]=1 

4. Number Distribution Function n,. If N,  denotes 
the total number of x-mers, the number of sites S, may 
be written in another way: 

By comparison of relations 93 and 83, we obtain: 
s, = NXPX (93) 

(94) 

We find, here again, the classical expression of Stock- 
r n a ~ e r . ~  If N is the number of molecules at pA conversion, 
by definition, the number distribution function n, may be 
written: 

n, = N,/N (95) 
As the number average degree of polymerization, s,, is 

we obtain 
r@&,A 

1 + r - rpA& 
n, = (97) 

Conclusion 
As in the case of order I system copolycondensates, 

graph theory leads directly and readily to the very general 
form of the molecular distribution functions of order I1 
system copolycondensates. 

( p  - l)!(q - l)!  
7(n;d1,. . .,dp;61,. . .,6J = 4 (32) 

R(d; - l)!rI(6, - l ) !  
i = l  j=1 ' 

Proof. Let T(A,B;dl,. . .,dp;61,. . .,6J be the set of these 
trees with: 

A = { ~ l , .  . .,ap) B = {bl,.  . .,b,) 

if T = (X ,E)  is one of these trees, we have: 
X = A ( J B  I X I = n = p + q  I E l = p + g - l  

D 4 

P P 

i = l  i = l  
4 4 

j = l  j=1 

C(di - 1) = (Cdi) - p = q - 1 

C(6, - 1) = (C6j) - q = p - 1 

Identity 32 is evident for n = 2 ( p  = q = 1, dl = 61 = 1). 
Suppose that it is true up to n - 1 for any distribution of 
the degrees. We take T E T(A,B;dl. . .dp;6,. . .6J. We can 
observe that 

T (  n;d,. . *,dp;61,. . .,6J = T (  n;61,. . &;dl,. . . , (Ip)  

and that one of the numbers di or 6,  is equal to 1. So that 
we can suppose that d,  = 1 .  Then we remove from T the 
vertex a,. We obtain a new tree with vertices a2, . . .,ap,bll 
. , .,b, and degrees d p ,  . . .,dp, 61', . . ., a9'such that each 6 j  
is equal to 6, except for one equal to 6, - 1. Conversely, 
if a t  any tree of vertices a2, . . ., ap;bl ,  . . .,b4 of degrees 
d2, . . .,de; J1", . . ., such that each b y  is equal to 6, 
except 8 k  = b k  - 1 we add the vertex a, together with an 
edge [a l ,bk] ,  we obtain exactly once only every tree be- 
longing to T(A,B;dl,. . .,dP;Al,, . .,&). 

We obtain the recursive relation: 
7(n;dl, .  . .,dP;&,. . .J4)  = 

4 

k = l  
T(n-l;dl,. . .,dp;61,. . . ,6k-1,6k-l,6k+l,. . .,6q) 

Then we have: 
~(n;d i , .  . .,dp;61,. . .,64) = 

- ( p  - 2)!(q - l)! 5 ,  - 
! ; ' [ n ( d i  - 1)!](61 - I)!. . . ( 6k  - 2)!. e ( 6 q  - I)! 

i = l  
( p  - 2 ) ! ( q  - l ) !  

P 9 5 ( 6 k  - 1) 
n ( d i  - l)!n(sj - l)!k=l 
i = l  j = l  

( p  - l)!(q - l)! 

n(di  - l)!rI(6i - l ) !  
P 4 7(n;d,. . .,dp;61,. . .,6J = 

i = l  j = l  

Theorem 3. Let a given graph be characterized by the 
type partitions defined by the vectors s, SA, and sB. The 
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number T!) of graphs isomorphic to that given graph is 
defined by the relation: 

Macromolecules 

(35) 

Proof. Let G, = (Y,F) be a tree representative of an 
isomer, whose vertex set Y is partitioned in colors and 
types by YA, (1 I i I n)  and YB, (1 I j I rn) with lY.4,1 = 

On the other hand, let X be a set of labels, itself par- 
titioned in colors and types by XA, (1 I i I n)  and XB, (1 
I j I m), with 1x41 = SA and IXB I = sB,. We want to count 
the labeled trees on X isomorphic to G,. 

All these graphs can be obtained from the bijections a X  - Ysuch that [vx E x4 ( X B , ) U ( ~ )  E YA, (YB,)] by putting 
in G, the vertex x in the place of a(x). We note G,(u), the 
tree associated to c in that way. The set S of these bi- 
jections has cardinality: 

and lyB,I = sB,* 

However, two of these bijections can define the same tree. 
We must study the equivalence relation R in S defincd 
by aRa’ if and only if G,(a) = Gi(a’). We prove the next 
property of relation R,  aRa‘, if and only if cp = a’wl is an 
automorphism of G,. First we suppost that aRo’ is true. 
Clearly the function cp = a’-c-l is a bijection from G, to GI ,  
and we know that G,(a) = G,(d)  and a‘ = pa. Then, from 
the property for every x,x’ belonging to X ,  [a(x),u(x’)] E 
F if and only if [a’(x),a’(x’)] E F; it follows that for every 
y,y’ belonging to Y, [y,y’] E F if and only if [cp(y),cp(y’)] 
E F. This means that cp preserves adjacency. 

Finally cp preserves colors because if y E YA, then d ( y )  
E X A ,  and d y )  E YA, and if Y E YB, then a-’(y) E XB 
and ~ ( y )  E YB,. So that cp is indeed an automorphism o/ 
GI. 

Conversely, it is obvious that for any automorphism +c 
of G, and any a E S ,  a’ = p a  is an element of 5’ which 
verifies a R d .  To obtain d1), we must then divide the 
number of bijections belonging to S by the number of 
elements of each equivalence class, namely the cardinality 
of the automorphism group of G,. 

7:) = S/IGi( 
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ABSTRACT: The mutual irradiation of polymers in methyl acrylate (MA) vapor followed by hydrolysis 
treatment is a surface grafting technique which had been developed originally for surface modification of 
polyethylene (PE). The technique now has been successfully applied to surface modification of two radia- 
tion-degradative fluorocarbon polymers, poly(tetrafluoroethy1ene) (PTFE) and poly(chlorotrifluoroethy1ene) 
(PCTFE). The adhesive bond strengths reach a maximum value when the grafted surface is covered with 
an outer homopolymer layer consisting only of the monomer component. Although this relationship between 
bond strength and homopolymer surface coincides with that suggested in P E  grafts, it is shown more clearly 
by ESCA analysis of the modified fluoropolymer surfaces. The thickness of the homopolymer layer passes 
through a maximum and then decreases with irradiation time or dose. This decrease may reflect the radiation 
degradation of fluoropolymer chains. The peel strengths of grafted PTFE sheets are much higher than those 
of sodium (Na)-etched PTFE sheets. This difference in bond improvement is discussed in terms of mechanical 
strength of the modified surface layers. 

In order to obtain strong adhesive joints of inert fluo- 
rocarbon polymers, the surfaces must be modified before 
bonding. The most extensively investigated pretreatments 
involve Na-etched treatments, using Na-amm~nial-~ and 
Na-naphthalene-tetrahydrofuran4-’ complex solutions, 
and CASINGs,g or glow discharge treatments.1°-13 Though 
work has been done on the adhesive properties of radia- 
tion-grafted PTFE,14J5 no detailed studies have been 
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published on the relationship between the bond strength 
and the surface structure. Mutual irradiation of PE in MA 
vapor and subsequent hydrolysis treatment have been 
found to yield a surface graft having high adhesive bond- 
ability to epoxy  adhesive^.'^^^^ Since the radiation grafting 
of radiation-degradative fluorocarbon polymers such as 
PTFE and PCTFE requires a low radiation dose to prevent 
the degradation, it is interesting that this surface grafting 
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